The short-time stability of concentration profiles in coherent periodic multilayers consisting of two components with large miscibility gap is investigated 
I. INTRODUCTION
Modern techniques of thin film deposition permit the preparation of multilayers with nearly arbitrary concentration profiles. The knowledge of the stability of artificial multilayers at elevated temperatures is of great practical interest. With increasing atomic mobility, compositional changes occur where the diffusion distance is determined by the mobility and the available time. In the present paper, the case of coherent periodic multilayers consisting of two immiscible components A and B is considered. Accordingly, competing driving forces for compositional changes in these multilayers are the reduction of the energy of mixing of the two components and the reduction of the interfacial energy of interphase boundaries.
To evaluate the thermal stability of multilayers, we investigate in the following the early stage of compositional changes perpendicular to the individual layers within a onedimensional model ignoring lateral perturbations of the layered structure as well as boundary effects at the multilayer surface and the interface to the substrate. The neglect of boundary effects is justified as long as the characteristic length of atomic diffusion for the considered time scale is small compared to the total multilayer thickness. The compositional evolution is studied within the framework of the nonlinear Cahn-Hilliard diffusion equation [1] [2] [3] [4] [5] . Correspondingly, the multilayer is described by a smooth concentration profile where individual layers are separated by diffuse interphase boundaries. The continuum description seems questionable in the limiting case of very thin layers of a few monolayers only. However, many predictions of the continuum approach agree qualitatively with those of a detailed analysis of an appropriate lattice model by Hillert 6 .
The composition in multilayers evolves quite differently, depending on the initial concentration profile. This is illustrated by the three examples in Fig reported recently seems to be related to these peculiarities.
During mechanical alloying, the formation of nonequilibrium supersaturated phases of immiscible components as e. g. Ag-Cu 7,8 and Co-Cu 9,10 was observed. Due to the small layer thicknesses of the lamellar structure which arises during ball milling, a partial intermixing of the two components could be energetically favourable. Similarly, an enhanced solution of carbon in nickel layers was detected in Ni/C multilayers prepared by pulsed laser evaporation with individual layer thicknesses of only a few nanometers 11 . Another surprising observation is the formation of a mixed Co-Cu phase during annealing of Co/Cu multilayers despite the immiscibility of Co and Cu 12 . The metastable mixed phase formed obviously due to the large excess of interface energy in the multilayer. A strong intermixing was also found during deposition of a few monolayers Ni onto Au 13 . In this case, besides interface energy, the large elastic energy of the strained Ni layer is an additional driving force for intermixing.
For a better understanding of these experimental findings, the present theoretical work deals with the effect of the high portion of interface energy on the early composition evolution in nanoscale multilayers.
The simulations in Fig. 1 as well as numerical and analytical investigations by other authors 3, 14 reveal that concentration profiles evolve in characteristic stages: (i) the relaxation to layered quasi-stationary states or the complete vanishing (dissolution) of very thin layers takes place comparatively rapidly; (ii) at a longer time scale, a slow ripening process involving diffusion between distant layers occurs, i. e. a thinning of the thinnest layers and a corresponding thickening of the thicker ones. In the following, the slow ripening process is referred to as long-time composition evolution, whereas the relaxation of an arbitrary periodic concentration profile to a stationary solution of the Cahn-Hilliard diffusion equation is referred to as short-time evolution (Fig. 1b) . Also, the rapid dissolution of layers as shown in Fig. 1a is considered as a particular case of the short-time evolution.
The aim of the present work is to analyse the conditions under which either a rapid dissolution of thin layers occurs initially (Fig. 1a) or a stationary periodic concentration profile evolves (Fig. 1b) deals with a specific model for the Gibbs free energy which allows an analytical calculation of stationary concentration profiles. In Sect. V, the stability of these concentration profiles is investigated. Finally, the results are discussed and summarised.
II. MODEL
The Gibbs free energy density f (c) of a binary A-B system as a function of the uniform concentration c (mole fraction) of component B is to exhibit two minima. The equilibrium concentrations, α and β, of large coexisting phase regions (strictly two half-spaces) are determined by the common tangent construction (Fig. 2) . In the present work, the case of multilayers with planar interfaces is considered. Following Cahn and Hilliard 1 , the free energy per unit area of a system with concentration c(x) varying in one dimension is described by
The second term on the right-hand-side of (1) represents the energy contribution due to a concentration gradient where κ is the gradient energy coefficient.
The interdiffusion flux in the system is given by j(x) = −M ∂(δF/δc)/∂x whereM is the atomic mobility. Together with the continuity equation ∂c/∂t + Ω ∂j/∂x = 0, the following nonlinear diffusion equation results
where M ≡ ΩM with Ω the atomic volume. For simplicity, the atomic volume of the two components has been assumed to be equal and the composition dependence of M has been omitted. Starting from any initial concentration profile, the further evolution can be calculated numerically from (2) (see e. g. Fig. 1 ). However, in view of the great practical importance of quasi-stationary concentration profiles, we will analyse the stationary solutions of the Cahn-Hilliard diffusion equation (2) more systematically in the following.
III. STATIONARY SOLUTIONS
Equilibrium concentration profiles are determined by the extrema of the free energy under the constraint of particle conservation. This leads to the variational problem
with the result
(the prime denotes the derivative with respect to c). Comparison of (4) and (2) reveals that solutions of (4) are also stationary solutions of the diffusion equation (2) . The Lagrange multiplier µ is identified as interdiffusion potential. When µ = δF/δc is uniform, the particle flux vanishes. Integration of (4) leads to
where K is an integration constant. The last equality in (5) defines the function D(c) used in the following. In general, the physically relevant solutions of (5) 
Further integration of (5) yields the inverse function of the concentration profile
with I(c) = κ/D(c) = dx/dc. The integration bounds have been chosen in such a way that the origin of the x-coordinate is located at an interphase boundary defined by c = c 0 ≡ (a + b)/2. Thus, equation (7) represents the concentration profile in half a period from c = a 
Similarly, the multilayer period length d = d a + d b and the mean compositionc are given by
For given concentrations a and b, the concentration profile c(x) can be calculated directly from (7). However, from the experimental point of view, a and b are not known a priori.
Usually, components A and B are deposited consecutively with fixed individual layer thicknesses. During the early annealing stage, a smooth concentration profile develops which is similar to the stationary profiles derived here. The arising concentrations a and b are determined by equations (9) where the mean compositionc and period length d are given.
The solution of equations (9) for a and b is, however, not always unique. If there is more than one solution, one has to compare the free energies of different solutions in order to find that with the lowest one. From (1) and (5), the free energy of one multilayer period results as
An important intrinsic length of the present problem is the width of the interphase boundary ξ defined by
The second equality follows from (5). In the limiting case of spatially extended phases
, the interface width becomes
with f 0 ≡ D((α + β)/2). f 0 characterises the height of the free energy wall of the f (c) curve referred to the common tangent (cf. Fig. 2 ). The last equality in (12) defines the length unit l 0 used in the following.
For very thin individual layers, comparable with the width of the interphase boundary, the concentrations in the middle of the layers, a and b, differ from those of the corresponding bulk phases α and β (α < a < b < β, Fig. 3 ) because the common tangent construction does not apply to thin layers. The concentrations a and b define a secant with the f (c) curve as shown in Fig. 2 . An estimate of the difference between the concentrations β and b is given by
(see Appendix A), where ξ b ≡ 2κ/f ′′ (β) and ρ b is a numerical factor of the order of unity.
An analogous formula applies to the difference a−α. 
IV. SPECIAL CASE: C 4 -MODEL
To simplify the calculation of the concentration profile (7), we consider the case where the free energy as a function of concentration can be represented as a polynomial of the fourth power
The parameters B and C turn out to be unimportant for the composition evolution. The characteristic energy unit f 0 results as f 0 = A (β − α) 4 /16. The parameters α and β in (14) coincide with the equilibrium concentrations of spatially extended phases corresponding to the common tangent construction (Fig. 2) . The characteristic length ξ b in (13) is obtained
For the case (14) , briefly called 'c 4 -model', the inverse concentration profile (7), the period length, and the mean composition (9) can be expressed by elliptic integrals 
V. STABILITY OF STATIONARY SOLUTIONS
In the following, let us consider the stability of periodic concentration profiles c(x) which are obtained as solutions of equation (5). These concentration profiles are also stationary solutions of the Cahn-Hilliard diffusion equation (2) . They are stable against any infinitesimal perturbation δc(x) if the second variation of the free energy
is positive definite.
At first, the stability of the homogeneous concentration c(x) =c is considered. Without any restriction, the perturbation δc can be represented as a Fourier series. From (19) , it is evident that the stabilising influence of the gradient term (second term on the right-handside of (19)) is stronger the shorter the wavelength of the perturbation is. Considering a periodic perturbation with period d, i. e. δc ∝ sin(2πx/d), we find stability δ 2 F ≥ 0 for period lengths (Fig. 5) . For the c 4 -model, one obtains
Within the intervalc Let us recall that the above picture on the stability of periodic solutions was obtained for the special c 4 -dependence of the Gibbs free energy. Further analysis of other dependencies f (c) is desirable to confirm the present stability diagram qualitatively and to study quantitative changes. Numerical simulations of the composition evolution in the present work were performed by means of a finite difference method described in ref. 18 . This method is based on a semi-implicit finite difference scheme coupled with a fast Fourier transformation. For numerical details, the reader is referred to Copetti and Elliott 18 . The spatial grid spacing in our calculations was less than 10% of the interphase boundary width of stationary states and for the time integration an adaptive step size control was applied. For example, 1024 grid points were used for the calculations in Fig. 1 . annealing because the free energy gain by phase separation is too small to overcompensate the interface energy (Fig. 1a) . The thickness of the 'b'-layers d Fig. 4c ).
Despite the large change of the multilayer period length in Fig. 7 , the characteristic layer In a certainc-d region, the layered structure can exist as metastable state although the free energy of the homogeneous concentration is lower. According to the Cahn-Hilliard theory, the equilibrium composition in thin layers differs from that of the corresponding bulk phase if the layer thickness becomes comparable with the interphase boundary width 3, 14, 17 .
Consideration of the present conclusions in the design of layered structures could help to improve their thermal stability or, on the other hand, to prepare new metastable phases by controlled layer dissolution. Without changing the qualitative predictions, mechanical stresses in coherent layers due to lattice mismatch can easily be included in the present one-dimensional analysis by a modification of the free energy f (c) (see e. g. ref.
2 ).
The evaluation of the long-time stability of multilayers requires an additional analysis of the evolution of lateral composition perturbations including the effect of stresses in individual layers. The roughening instability of interfaces between strained layers has been investigated for example in ref. 15 . A comprehensive analysis of the composition evolution under the influence of stresses owing to lattice mismatch or to the presence of dislocations has been
given recently in a series of papers by Léonard and Desai 19 .
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This equation is equivalent to marginal stability of c 1 (x). Indeed, the second variation (19) of F [c] can be transformed by partial integration into
In deriving (26), the periodicity of solutions c 1 (x) and c 2 (x), and consequently of δc(x), was used. Comparison of (26) and (25) 
